PRODUCTS OF CHARACTERS AND FINITE p-GROUPS 



EDITH ADAN-BANTE 



Abstract. Let G be a finite p-group, where p is a prime number, and \ and 
be faithful complex irreducible characters of G. We study the relation between 
the number r;(x, ip) of distinct irreducible constituents of the product and 
the characters \ and tp. 



1. Introduction 

Let G be a finite p-group, where p is a prime number. Let x an d ip be irreducible 
faithful complex characters of G. Since any product of characters is a character, 
Xip is a character of G. Thus it can be written as an integral linear combination 
of irreducible characters of G. Let r)(x, ip) be the number of distinct irreducible 
constituents of the character xi>- We study the relation between the number rj(x, ip) 
and the characters x an d 4>- Through this work, we use the notation of @]. 

Does there exist a p-group G, where p = 5, with faithful characters x, G Irr(G) 
such that the product xV 7 can be written as a non-trivial integral linear combination 
of 2 distinct irreducible characters of G, i.e. r)(x,ip) = 2? The answer is no, such 
groups with such characters can not exist. Moreover, for any prime p > 5, the 
answer remains no. For a fixed prime p, we regard that as a "gap" among the 
possible values that r?(x> tp) can take for any finite p-group G and any faithful 
characters x, ^ 6 Irr(G). More can be said in that regard and the main result in 
this work is the following 

Theorem A. Let G be a finite p-group, where p is a prime number. Let x, tp S 
Irr(G) be faithful characters. Then either r](x, ip) = 1 or 2n(x, ip) > p. 

In section 6, we show that for every prime p > 2 and every integer m > 0, 
there exist a p-group G and a character x £ Irr(G) such that 2r/(xj x) — 1 — P anc i 
X (l)-p m . 

We wonder if there exist other "gaps" . For example: does there exist a 5-group 
G with faithful characters x^ G Irr(G) such that rj(x,tp) = 4? More specifically 
we make the 

Conjecture. Let G be a finite p-group, where p is an odd prime number. Let 
Xi V 1 S Irr(G) be faithful characters. If 2n(x, ip) — 1 > p, then rj(Xi VO ^ P- 



If x £ I rr (G), denote by x its complex conjugate, i.e. x(#) = x(#) f° r au j£ G. 
An application of Theorem A is the following 
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Theorem B. Let n be a positive integer. Then there exists a finite set S n of positive 
integers such that for any nilpotent group G and any \ E Irr(G) with T}(XiX) = n > 
we have 

X(l) G S n . 

In |2 we proved that for every prime p 1 there exist a supcrsolvable group G and 
a character x E Irr(G) such that r](x,x) = 3 and x(l) = p. Thus Theorem B does 
not hold true assuming the weaker hypothesis that the groups are supersolvable. 

2. Preliminaries 

Lemma 2.1. Let p be a prime number and e be a primitive p-th root of unity. 
Let £1, be a proper subset of {0, 1,2, . . . ,p — 1} and {a \ i E £1} be a set of integer 
numbers. If 

5> ei = o 

£/ien Cj = for i E fi. 

Proof. The minimum polynomial of a primitive p-th root of unity over Q(x) is 

p-i 

p( x ) = ^2 xP - 

i=0 

Set g(x) = X^ien Cia;l - Then p(x) divides q(x). If 7^ 0, there is some non-zero 
r(x) E Q(x) such that g(x) = p(a;)r(x). Since the degree of q(x) is at most the 
degree p — 1 of p(x), this can only happen when r(x) = r is a non-zero constant. 
But then Cj = r ^ for alH = 0, . . . ,p— 1, contradicting the fact that fi is a proper 
subset of {0, 1, 2, . . . ,p — 1}. We conclude that g(x) = 0. Thus Cj = for all i. □ 

Lemma 2.2. Lei x G Irr(G) ; where G is ap-group. Suppose Z < G, Y is a normal 
subgroup of G, that Z <Y and that \Y : Z\ = p. If Z < Z(x) and Y Z(x), then 
X vanishes on Y \ Z . 

Proof. See Lemma 2.1 of [3] . □ 

Notation. We use the notation of 0]. The set of irreducible complex characters 
of G is denoted by Irr(G). We denote by Lin(G) the set of complex linear characters 
of G. 

Let H be a subgroup of G and A E Irr(-ff). Then 

Irr(G I A) = {x E Irr(G) | [X, X h] 7^0}. 
Also, if X and Y are normal subgroups of G, we set 

Irr(XmodF) = {7 E Irr(X) | Ker( 7 ) > Y}. 



3. Main Lemma 

In [3] we proved that if G is a finite p-group and \i "0 G Irr(G) are faithful 
characters such that the product x^P is a multiple of an irreducible character of 
G, then x and ip vanish outside the center Z(G) of G. The following lemma is a 
generalization of that result. 
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Lemma 3.1 (Main Lemma). Suppose that p, G, \, "0 and n satisfy 
(3a) p is a prime, 
(3b) G is a finite p-group, 
(3c) x and ip are irreducible characters of G, 
(3d) x and "0 are faithful, and 

(3e) 2rj(Xi ip) < Pi where f](x, ip) is the number of distinct irreducible constituents 
of the product xip. 

Then x and ip vanish outside the center Z(G) of G. 

Proof. Set n = r)(x, 0)- Assume that the lemma is false. Then we may choose p, G, 
X, ip an d n satisfying the hypotheses (3a-e), but not the conclusion of the lemma, 
so that 

3.2. The lemma holds true for any quintuple p' , G' , x' > V 7 ' and n' satisfying the 
equivalent of (3a-e) with \G'\ < \G\. 

We shall prove a series of claims leading to a contradiction which will prove the 
lemma. 

Since x is a faithful irreducible character of G, we have that Z(G) is cyclic. Set 
Z(G) = Z. Observe that G ^ Z, otherwise x an d ip are linear characters and 
therefore satisfy the conclusion of the lemma. Let Y/Z be a chief factor of G. 
Because G is a p-group, its chief factor Y/Z is cyclic of order p and it is centralized 
by G. Since Z is the center of G, it follows that 

3.3. H = Cq{Y) is a normal subgroup of index p in G, and commutation in G 
induces a well-defined, non-singular bilinear map r : gH, yZ [g, y] of G/H x Y/Z 
into the subgroup Q(Z) of order p in Z. 

Let 9i G Irr(G), for i = 1, . ..,n, be the distinct irreducible constituents of x?/>. 
Set 

n 

(3.4) xi> = Yl m ^ 

i=l 

where m, > is the multiplicity of Qi in x^P- 

Since Z is the center of G, there exist unique linear characters A, \i G Lin(Z) 
such that 

(3.5) xz - X(1)A and ^ z = 

Because x an d ip are faithful, so are A and \i. Furthermore (|3.4|l implies that 

(3.6) [Bi) z - 0,(l)A/i 

for all i = 1, . . . ,n. The group Y has a central subgroup Z with a cyclic factor 
group Y/Z. Hence Y is an abelian normal subgroup of G. Since A G Lin(Z) is 
faithful, it follows from 13.31 that the set Lin(y | A) of all extensions of A to linear 
characters p of Y is a single G-conjugacy class of p — \Y : Z\ elements. By Clifford 
theory we have that 

(3-7) xr = ^l £ P . 

^ P eLin(Y\\) 
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A similar argument shows that 



(3.8) £ a . 

p 

1 <TeLin(Y|/i) 

Claim 3.9. Assume the notation of 1)3.4)) and (13. 5|) . Then 

(i) A/i £ Lin(Z) is faithful. 

(ii) p > 3. 

(m,) For all i = 1, ... ,n, we have that Ker(#i) = 1. 77ms Z(#,) = Z ana 



(3.10) (* 4 )y = ^ £ 



r. 



^ r£Lin(y|A^) 

Proof. Suppose A/i is not faithful. Since Z is cyclic, this implies that Q(Z) < 
Ker(Ap), where Q,(Z) is the cyclic subgroup of Z of order p. By 1)3. 6f) we have that 
f2(Z) < Ker(6»,) for i=l,...,n. We know from IO that [G,Y] < Q.{Z) < Ker(6i). 
Therefore Y < Z(0i), and for each i = 1,. .. , n, we have (0j)y = for some 

Si £ Lin(F). Now (El, 03 and E3> imply that 

i=l P peUn(Y\\),aeUn(Y\fj,). 

This is impossible because the leftmost expression has at most n distinct irre- 
ducible constituents, where 2n < p by assumption, and the rightmost expression 
has precisely p distinct irreducible constituents. This contradiction proves that Ap 
is a faithful character. 

If p = 2, then both A and p restrict to the single faithful linear character e of 
the group Vl(Z) of order 2. Then (\fJ,)afz) — e 2 — 1 and A/i is not faithful. This 
contradiction with the first statement of the claim proves the second statement. 

By 1)3.4(1 . for i = l,...,uwe have that 0t lies above A/i. Assume that Ker(0j) / 1 
for some j £ {1, . . . ,n}. Observe that Ker(6>j) is a normal subgroup of G. Since G 
is a nilpotent subgroup and Ker(6*j) ^ 1, we have that Z n Ker(8j) ^ 1. Observe 
that Z fl Ker(6*j) < Ker(A/i) since 6^ lies above Ap, by 1)3.6)1 . By (i) we have that 
Ker(A/i) = 1. Thus for every i £ {1, . . . , n} we have that Ker(0j) = 1. 

An argument similar to that given for l|3"Tll . shows that (f^TTTlf) holds. 

□ 

Claim 3.11. Let p £ Irr( Y | A) and a £ Irr(Y | fi) be characters of Y . Set 
G pCT = { 5 £G| (po-)s = pa}. Th 



en 



(i) 9i lies above pa for all i = 1 , . . . ,n. 

(ii) G pa = 77. 

(Hi) For each i = 1, ...,n, there exists a unique character (0i) pa £ Irr(77 | per) 
inducing Also 

(3.12) {{0i)p*)Y = (6i) ptT (l)pa. 

(iv) There exist unique characters x P € Irr(77 | p) andijj a £ Irr(77 | cr) inducing 
X arid ip, respectively. 

Proof. Since per £ Irr(y | A/i), (i) follows from 1)3.10)1 . 

(ii) Since 77 = C G (Y), clearly 77 < G pa . Since Z = Z{Q l ) by Claim El (iii), we 
have G pa < G. It follows that 77 = G pa , since |G : 77 1 = p and G is a p-group. 
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(iii) Since 9i lies above pa for all i = l,...,n, while H = G P<T , by Clifford 
Theory we have that there exists a unique character (9i) pa E Irr(i? | pa) inducing 
6i. Since H = G pa and (9i) pa £ In(H \ pa), we have that 1|3.I2|) holds 

(iv) By 13.31 we have that H = Cc(Y) is the stabilizer H = G p = G a of both 
p and a in G. Thus, Clifford Theory, l|3.7|) and i|3.8[l give us unique characters 
X p £ Irr( H | p) and ip a G Irr(iJ | a) inducing x and respectively. 

□ 

Claim 3.13. Let p £ Irr(Y | A) and a £ Irr(Y" p ) be characters ofY. Assume 
the notation of (|3.4|l and Claim T3.11X Then there exist a subset S of {1, ... ,n}, 
and integers U such that 

and < li < mi for all % £ S. 

Proof. By Clifford Theory the restrictions of Xp and ip a to Y satisfy (Xp)y = Xp(l)/ 5 
and (i/j^y = Hence 

(x P Vv)y = (XpMVv)y = Xp(l)Vv(lW- 
So there are unique non-negative integers m v such that 

(pGlrr( |prr ) 

Because -ff is G per , Clifford theory tells us that the cp G , for <p £ Irr(H pa), are 
the distinct members of Irr(G \ pa). Hence 

(XpVv) G = 

ipe\rr{H\pcr) 

is the unique decomposition of (XpVv) G as an integral linear combination of irre- 
ducible characters ip G of G. 

The product character xV' = (Xp) G (Vv) G is the sum of (XpVv) G and some other 
characters. Since x"0 — SiLi m i$i by (|3.4(l . it follows that 

m V ip G = y^ji9j 

ipelrr( H\pa) i=l 

for some integers U such that < h < m, for all i = 1, . . . , n. Set S* = {i \ U > 0}. 
Hence m v = for all ip G Irr(i/ | pa) except for those in {(9i) pa \ i G S}, and 
m v = U'li Lp = (9i) pa . Thus 

iGS 

□ 

If Y = then |G : Z| = |G : : Z| = p 2 , and x(l) = V'(l) = P- Thus x and 

■0 vanish outside Z by Corollary 2.30 of @|. Since p, G, Xi "0 and n do not satisfy 
the conclusion of the theorem, we have that Y < H . 

If the abelian group Y is not cyclic, then it is the direct product Y = Z x K 
of its cyclic subgroup Z of index p with some subgroup K of order p. Evidently 
p = A x Ik is one of the characters p in Lin(Y | A) and has K as its kernel. 
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Similarly a = p x Ik G Lin( Y \ p ) has K in its kernel. Thus we may choose p and 
a such that 

(3.14) p G Lin(T | A), cr G Lin(y | //) and Ker(p) = Ker(cr) = X. 

If Y is cyclic, then any characters p G Lin( Y | A ), cr G Lin( Y~ | ) are faithful since 
A and p are faithful. So in this case we may also choose p and a so that (|3.14|1 
holds with K = 1. 

In both cases l3~3l implies that iJ = Cg(X) is the stabilizer H = G p = G a of 
both p and cr in G. Hence K — Ker(p) = Ker(cr) is a normal subgroup of H. 

Now we pass to the factor group H = H / K and its normal subgroup Y = Y/K. 
In view of (|3.14|) , the iJ-invariant characters p and cr of Y are inflated from unique 
faithful characters p and cr, respectively, in Lin( Y ) . So Y is a cyclic central subgroup 
of H. Since [Xp)y = Xp(l)p and (iP<t)y — Vv(l)c, we have that Xp and i/V are 
inflated from unique characters x & Irr(if | p) and V £ Irr(if | ct). Also (9i) pa 
inflates from 9i G Irr( H \ ~pa), for each i — 1, . . . ,n. By Claim l3~T3l we have that 

3.15. the number I of distinct irreducible constituents ofxip * s a t most n. 

Let V/K = Z(H/K). Note that Y ^G and that Y <Z(H) <V. 

Claim 3.16. V > Y. 

Proof. Suppose that Y = Z(H) — V/K. Since p and a are faithful linear characters 
of Y, and G is a p-group, the characters x £ Irr(i? | p) and V S Irr(i? | o 7 ) 
are faithful. So all the conditions (3a-e) are satisfied by p, H, x, 4> and I- Since 
\H\ < \H\ < \G\. bv the inductive hvpothcsis l3~21 we have that each of the characters 
X and ip vanishes on H \ Y . It follows that Xp an d ipa vanish on H \ Y. Hence 
X — (xp) G and ip = {"4>a) G vanish on G\Y. But l|3.7() and (|3.8() imply that x and ip 
vanish on Y \ Z. This contradicts our assumption that the conclusion of the lemma 
does not hold for p, G, x> V' and n. Thus Y ^ Z(iJ) and the claim is proved. □ 

Claim 3.17. Let U be a normal subgroup of H such that Y < U and \U : Y\ = p. 
Assume that U < Z((#j) pcr ) for some j — 1, . . . , n. Then for all i — 1, ... ,n, we 
have that U < Z((9i) pa ). Thus for each i = 1, . . . , n, there is some Vi G Lin( U \ per) 
such that 



Proof. Observe that ((9j) P a)u — (6j)po-(l)vi, for some H -invariant Vj G Lin(C/ | 
per), since U < Z((9j) pcr ). Suppose that for some i we have that U ^ Z((9i) prT ). 
Since Y < Z{H), \U :Y\ — p and U < H, we have that 



Thus the set Lin( U \ pa) forms a single iJ-conjugacy class. In particular there is 
no ff-invariant v G Lin( U \ pa). This is a contradiction since vj is 77-invariant. 



((9i)p*)u = (Oi)p*(l)vi. 




v. 



Thus the claim holds. 



□ 



Claim 3.18. Z{H) > Y. 



Proof. Certainly Y is a subgroup of the center of H = Gq(Y). We suppose that 
equality occurs. Since V > Y, we can choose a normal subgroup U of H such 
that Y < U < V and \U : Y\ = p. We have 1 < [H, U] < [H, V] < K, and thus 
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[H, U] = K. In particular, we see that U < Z(x P ) and U < Z(tp a )- Thus there are 
unique linear characters a and (3 in Lm(U) such that 

(3.19) (x P )u = Xp(1)« and (^)u = MVP, 

and so all values of Xp an d on U are nonzero. 

For any g G G\ H we have that (x P ) 9 is an irreducible constituent of xh- We 
certainly have K > 1, since 1 < [if, f7] < if. So |if | = p and K n if 9 = 1. Note 
that £7 £ Z((x P ) 9 ) since if £7 < Z((x P ) 9 ) then [if, U] < Ker((xp) 9 ) = K\ which 
gives the contradiction 1 < [if, U] < K CiK 9 = 1. Since Y < Z(ff) and |{7 : F| = p, 
Lemma \'2 . 21 implies that (xp) 9 vanishes on £7 \ Y. Fix it 6 U \ Y. Since (Xp) G = X 
and |G : if | = p, we have that 

p 

x( w ) = ^(xp) 9l («) = x P H^o. 

2 = 1 

Similarly 

if>(u) = ipa{u) ^ and 9i{u) — (9i) pa (u) ^ for all i. 
By <|3.19[) and Claim l3~T3l we have that 

(3.20) m) P a)u = (0iW(l)7, 

where 7 = a/3 G Lin(J7), for all i G 5. 

By (|3 .4ft we have 
(3.21) 

n n 

Xp(l)a(u)V'ff(l)/3(«) = X P (u)ipa(u) = x(u)ip{u) = ^m l 9 t {u) = ^m l (9 t ) pr7 (u). 

Z=l 1 = 1 

By Claim l3~T3l we have: 
(3.22) 

X P {l)MMu)p(u) =x P {u)Mu) =J2k(0i)p*(u) = E^( fl iW(l)]7(«)- 

By <|3.2U[1 and Claim |3~T71 for i = 1, . . . , n we have that ((9i) pa )u = (9i) pa {l)vi, 
for some Vi G Irr( U \ pa ). Since (fj)y = per = 7r G Irr(Y) and \U : Y| = p, there 
exists some 8i G Irr(f/modF) such that V{ = ^7. Thus for i = 1, . . . , n, 

(3.23) ((0iV)c/ = (^)pa(l)*i7. 

for some 5j G Irr(Ymodf7). Combining this with (|3.21() and (|3.22l) we get 

n n 

^m i (8i) pa (l)S i (u)j(u) = y^ j m l {9 i ) pa (u) 



i=l 



x P (i)M^Mu)p(u) 

E/i(«i)/Hr(l)]7(«). 



Since 7(7/) ^ 0, we get 

n 

E^(^( i )^w=E^(^)^w- 
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Thus 

n 

(3.24) ^m i (9i) p<r (l)6i{u)-^2li(6i) pa (l) = 0. 

i=l ieS 

Since 5^ £ ln(U modi") and U/Y is cyclic of order p, it follows that <$j(u) is a 
p-th root of unit for all i = 1, 2, . . . , n. Let e be a primitive p-th root of unit. Set 
Mi = {j | «5i(u) = e 4 } and ft = {i | JO^ | ^ 0}. Let 

c = f E^ ^(^)pa(l)-Ei e s^(^)pa(l) ifi = 
' I Ejea, "^'(fyW 1 ) otherwise. 

Observe that the set { a \ i £ ft } is a set of integer numbers. Observe that 
n < p implies that |{<$j(u) j — 1, . . . , n}\ = |fi < p. So fl is a proper subset of 
{0,1, ... ,p— 1}. Thus by Claim |2~T1 we have that = for i 6 Q. Suppose that fij 
is non-empty for some i ^ 0. Since and 9j(l) are nonzero positive integers, for 
all j = 1, . . . , n, we have that E^go m i(^i)po-(l) > l^il > 0- But Cj = 0. Hence f2j 
is empty for all i ^ 0. In particular f2 = {0, 1, . . . , n}. Also, since c = 0, we have 

n 

Y^m i {6 i ) l)a {l)=Y J h{e i ) pa {l). 

i=l i£S 

Thus 

n 

1 - 1 

P^ p 

= ^(PX/,(1))(P^<t(1))=PXp(1)^(1). 

Thus p = 1, which is obviously impossible. □ 

3.25. Fix a normal subgroup X of G such that X/Y is a chief factor of G and 
X < Zi(H). Let a, ft 7 £ Lin(X), where 7 = a/3, 6e the unique linear characters 
such that 

(x P )x = X P (l)a, 0<x)a = and ((^) p(T )x = (0*)pa(l)7 / or * e S 1 - 

^4Zso, /or eac/i i = 1, . . . , n, there is some Vi £ Lin( X \ pa ) such that 

((0i) P a)x = {0i)p„(l)Vi. 

Claim 3.26. The subgroup [X, G] generates Y = [X,G]Z modulo Z. 

Proof. Since Y, X are normal subgroups of G with Y <X and |X/y| = p, the chief 
factors X/Y of the p-group G is centralized by G. So [X, G] < Y. Suppose that 
[X, G\Z < Y. Since \Y/Z\ = p, we must have [X, G] < Z = Z(G). So commutation 
in G induces a bilinear map 

d : xZ,gC G (X) i-» [x,g] 

of (X/Z) x (G/Cg(X)) into the cyclic group Z. This map d is non-singular on the 
right by the definition of Cg(X). It is non-singular on the left since Z — Z(G). 
Because a £ Lin(X | p) extends the faithful character A £ Irr(Z), and \X : Z\ = p 2 , 
this implies that Cq(X) = G a has index p 2 in G. But H fixes a bv 13.251 since 
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Xp G Irr(if). Therefore a has, at the same time, p 2 distinct G conjugates, and at 
most p = \G ; H\ such conjugates. This contradiction proves the claim. □ 

3.27. Observe that G/H is cyclic of order p. So we may choose g 6 G such that 
the distinct cosets of H in G are H, Hg, Hg 2 , . . ., Hg v ~ x . 

Since \ = (xp) G is induced from \ p € Irr(iJ), it follows from 13. 251 that 

p-i 

XX = XpMia + a g + . . . + a 3 *' 1 ) = Xp (l-)J2 a9 * ■ 



«=o 

Similarly, we have that 

P -i 

4, x = V CT (l)(/3 + /3 9 + -.-+/3 9P ") =^(1)^/3 9J . 

3=0 

Combining the two previous equations we have that 

p—1 p— 1 p— Xp— 1 

(3.28) xx^Px = ixpi» E agi )(^(!) E ^ 3 ) = ^(i)^(i) E E ■ 

j=0 j=0 i=0 j=0 

By (|3.4|l we have that 

n n p—1 

(3.29) ( X iP)x = (E 

mi9i) x = 

i=l i = l j=0 

Claim 3.30. Let g 6 G &e as m |ff.£7| For eac/i i = 0, 1, . . . ,p — 1, i/iere eiist 
j G {0, 1, ... ,p — 1} and o~ g ; G Irr(Xmody) suc/i t/iai 

(3.31) a[3 9 * = (a[3) g3 6 g >. 
Also \{6 g i | % = 0, l,2,...,p- 1}| < n. 

Proof. Since H is a normal subgroup of G and = {{di) pa ) G , where (Qi) pa G 
Irr(iJ | per), we have 

p-i 

(3.32) {e i ) H = Y,m) P ,Y '■ 

3=0 

Since X/Y is cyclic, by 13.251 it follows that there exists some Si G Irr(XmodF) 
such that vi = af3S{. Since X/Y is a chief factor of G, we have that G acts trivially 
on X/F. Thus 



(3.33) 
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for all j = 0, 1, . . . ,p — 1. Therefore 

P-i 

(0i)x = m) H )x = (J2(( 9 >)p°y 3 )x b y E33 

3=0 

p— 1 p— 1 

= E«^W) 9J )* = E^ww 53 since x ^ G 

3=0 3=0 
p— 1 

3=0 j=0 

p— 1 p— 1 

= (^Mi)E( a W J = (^wwE^) 5 ^ b y 

p-i 

3=0 

Since X is an abelian group, its irreducible characters arc linear, and any product 
of linear characters is irreducible. Observe that Xx4*x = (x'0)a- Thus, given 
i = 0,l,...,p — 1, by l|3.28fl and 13.29|) there exist some j and some k such that 

ap 9 ' = (a/3) 93 5 k . 

Thus (|OTl) holds with 5 g i = 5 k G hr(X mod Y). Also, the set {<5 ff , | i = 0, 1, . . . ,p- 
1} is a subset of {£j | i = 1, ... ,n}. Therefore the last statement of Claim |3~3"UI 
holds. □ 

Claim 3.34. Let g G G be as in \3.2 r J\ Then there exist three distinct integers 
i,j, k G {0, 1, 2, ... ,p — 1}, and some S G Irr(X modY), such that 

a/3 3> = (a(3) 9r d, 
a(3 9 ' = (af3) 9 "S, 
af3 9 " = (a(3) 9t S, 
for some r, s, t G {0, 1, 2, ... ,p — 1}. 

Proof. By Claim EOU1 for each i = 0, 1, 2, . . . , p — 1 there exists G Irr(X mod Y ) 
such that 

for some r G {0, 1, ... ,p — 1}. Since {S g i \ i = 0, 1, ... ,p — 1} has at most n 
elements and n < , there must exist three distinct i,j,k G {0, 1, ... ,p — 1} such 
that 5 g i = 5 g j = Sgk. □ 

Claim 3.35. We can choose the element g in \3.21\ such that one of the following 
holds: 

(i) There exists some j = 2, .. . ,p— 1 such that 

a(3 9 = (a/3) 9 ", 
af3 gi = (a/3)f s , 
for some r, s G {0, 1, . . . ,p — 1} loitt r ^ 1. 
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(ii) There exist j and k such that 1 < j < k < p, and 

af3 9 = (a(3) 9r S, 

a(3 gl = (af3) 9 "S, 

ap 9 " = (a(3) gt 5, 

for some 5 G Irr(Amody) and some r,s,i € {0, 1, ... ,p — 1} with r =/= 1. 

Proof. Since a Y = p G Lin(Y") and p$ ^ p for any / G G \ H, we have that 
(ap f ) Y 7^ {a f (3 f ) Y . So if a(3 f = {aP) r 5 for some 5 G Irr(AmodF), some / G 
G \ H and some integer r, then r^l. 

Assume that a/3 = (a/?)-^, for some / G G and <5 G Irr(AmodY"). Since a Y = p 
and Py = o~, we have that 

pa = (a[3) Y = {{a0) f 5) Y = {pa) f ■ 

Since G pa = H by Claim ETTT1 fii - ). we have that / G H. Therefore 5=1. 

If in Claim 13331 we have that G {i,j, k}, then 5 = 1. Assume that i = 0. 
Since < j < p, we have that j J e G \ ff. Set / = gK Then for some k' , s',t' G 
{0,1,2,. ..,p-l} we have that / fc 'ff = g k H, f s H = g s H, and f'H = g l H. Thus 
we have 

a[3 f = (a/3) r ' 
a(3 f "' = (a/3)^' . 

We conclude that if i = in Claim l3~3"H then Claim E31 (i) holds. 

If k}, set / = g 1 . An argument similar to that given for (i) shows that 

Claim 13351 (ii) holds. □ 

Let g be as in Claim Since X/Y is cyclic of order p, we may choose x G X 
such that X = Y < x >. By 13.251 we have [X, H] = 1. Suppose that [a^g -1 ] G Z. 
Then x centralizes both g^ 1 and H modulo Z. Hence xZ G Z(G/Z), which is false 
by Claim l3~2~6l Hence EY\Z and so 

(3.36) Y = Z < y > is generated over Z by y = [:z;,<7 _1 ]. 

Since [Y,G] < Z we have that z = G Z. If z = 1, then G = H < g > 

centralizes Y = Z < y >, since H centralizes Y < X by 13. 251 and G centralizes Z. 
This is impossible because Z = Z(G) < Y. Thus 

(3.37) z = [y, g _1 ] is a non-trivial element of Z. 

By H3.36fl we have y = [a;,^ -1 ] = x~ 1 x 9 1 . By (|3.37l) we have z = [y,g~ l ] = 
y~ 1 y 9 1 . Finally z 9 1 = z since zeZ. Since A = Z < x, y > is abelian bv 13.251 
it follows that 

(3.38) z 9 ~ 3 = z, y 9 ~ 3 = yz 3 and x 9 ~ 3 = xy j *(») , 

for any integer j = 0, 1, . . . ,p — 1. Because g~ p G H centralizes X bv !3.25l we have 

z p = 1 and y p z6) = 1. 

But p > 3 is odd by Claim El Hence p divides (?) = S^S^ll an d Z {1) = i. 
Therefore 



(3.39) 



y p = z p = 1. 
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It follows that y 1 , z % and 2(2) depend only on the residue of % modulo p, for any 
integer i > 0. 

Claim 3.40. Suppose that 

(3.41) a(3 9 = (a/3) gr S, 
and 

(3.42) af3 9 ' = {a(3) 9S S, 

for some j E {0,1,..., p— 1}, j ^ 1, some <5 E Irr(Xmody), and some r,s E 
{0, 1, . . . ,p — 1}. TTien 

(3.43) 5(x) = /3(js) h(r_1) , 
where 2h = 1 mod p. 

Proof. Evaluating both sides of the equation (|3.41() at y, we obtain 

a(y)P(y)p(z) = a{y){3{yz) = a(y)f3(y 9 ~ 1 ) by 
= (a/3S)(y) - a 9 " (y)(]° r (y)S(y) 

= a 9 (y)f3 9 (y) since 5 E Irr(X mod Y) 

= a(y 9 ' r )(3(y 9 ' r ) 

= a(yz r )(3(yz r ) 

= a{y)(3{y)a{zY P(z) r . 

Cancelling a(y)[3(y) ^ 0, we get 

(3.44) (3(z) = a{z) r f3{z) r . 

We may also evaluate both sides of ((3. 41(1 at x, obtaining 

a(x)/3(x)/3(y) = a{x)f3{xy) = a(x)P(x 9 ' 1 ) by HTM 

= {aP 9 ){x) = ((apy r 6)(x) 
= of \x)pf (x)8(x) = a{x 9 ~ r )l3(x 9 ~ r )S(x) 
= a(xy r z&>)(3(xy r zw)6(x) 
= 5{x)a{x)(i{x)a{y) r a{z)^) I3{y) r I3{z)^) . 
Cancelling a(x)f3(x) ^Owe get 

(3.45) /3(y) = 8{x)a{yYf3{yYa{zpf3{zp- 
Applying 13.42(1 at y we get 

a(y)P(y)(3(zy = a(y)f3(yz^ = a(y)P(y 9 ' 3 ') 

= (a/3 9i )(y) = (aPY 3 (y)5(y) 

= a 9 (3 9 (y) since 8 E Irr(Xmody) 

= a(yS-)P(yS-) = a(yz s )f3(yz s ) 
= a(y)(3(y)a(zYf3(zY. 
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Cancelling a(y)(3(y) ^ we obtain 

P( z y = a{zYP{z) s = Wz)/3(z))' 

But gives 

(3(zy = a( Z y r /3(z) jr = (a(z)0(z)) jr . 
The restriction (a(3)z = A/i is faithful by Claim The element z E Z is non- 
trivial by (|3.37[1 and has order p by (|3.39|) . So a(z)j3(z) — (A/i)(z) is a primitive 
p-th root of unity. Hence the equation (a(z)[3(z)) s = (a(z)f3(z)y r implies that 

(3.46) s = jr mod p. 
We may also apply (|3.42l) at x to get 

a(x)f3(x)f3(y) j /8(z)(») = a{x)(3{xy j z&)) = a{x)(3{x 9 ~ 3 ) 
= (a/S 9 ' ) (x) = S(x)a 9B {x)(3 a ° (x) 
= 5(x)a(x 9 ~ s )f3(x 9 ~ s ) = 6(x)a{xy s z^))(3{xy s z©) 
= 5(x)a(x)/3(x)a(2/) s /3(y) s a(z)(2) ( g( z )(2). 

Cancelling a(x)/3(x) ^ we obtain 

(3.47) W/3(*)® = <5(x)a(2/) s /3(y) s a(z)©/3(z)(2). 
But (|3~4*5|) gives 

/3( y )3 = < 5(x) J a( 2 ;) jr ^(2;) jr a(2) J (^/3(z) J (2) = 5(x) j a(y) s /3(y) s a(z) j ^ /3(z) j & , 

where the last equality holds since s = jr mod p. 

Combining the previous equation with l|3.47[l . we have 

5{x)a{y) s l3{y) s a{zp)f3{zp)l3{z)-& = 5{xy u{y) s I3{y) s a{z) J ^) I3{ z y&) 
Cancelling terms and simplifying, we get 

(3.48) 8{x)i- x = {a{z)f3{z))^)-^) P{z)-^ . 

Since p > 3 is odd and s = jr mod p, we have Q = ( J 2 r ) mod p. This and (|3~ipi 
imply that a(z)$ = a(z)( J 2') and /3(z)w = ^(z)^ 2 "). Hence 

(3.49) {a{z)P{z))^)-^) = {a{z){3{z))(")-^) . 
We can check that 



v 2 / V 2 , 

Thus 

Hz)/?(z))("H(s) = (a(z)/3(z)) r2rl ^ ii by 

= (Hz)/?(z)n^ 
= / 9(z) 2L ^ hv (TQ4TI . 

Combining the previous equality with (|3.48(l and l|3.49J) we get 

(3.51) s( x y-i = m 1 ^-^ = m 1 " 1 ^ 11 - 

Since j ^ 1, then j — 1 ^ Omodp. So we may divide by j — 1. Therefore 

(3.52) <y(aO = / 3(z) li ^ ii . 
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Let h £ {1, . . . ,p - 1} such that 2h = 1 modp. Then lpT52")> implies filfy . 



□ 



Suppose that Claim |3~3*B1 (ii) holds. Then by Claim l3~4"01 we have that S(x) — 
(3( z )hj(r-i) and 5 ( x ) = j g^ftfe(r-l) < Thus /yjy _ l) = /jfc( r - 1) modp. Since 

r ^ lmodp and 2h = lmodp, we have that k = jmodp, a contradiction. Thus 
Claim |3~3*B1 (i) must hold. 

We apply now Claim ETID1 with 6 = 1. Thus 1 = S(x) = /^z)^ 1 *- 1 ). Therefore 
hj(r — 1) = Omodp. Since 2h = lmodp, either j = Omodp or r — 1 = Omodp. 
Neither is possible. That is our final contradiction. □ 



Lemma 4.1. Let G be a finite p-group and N be a normal subgroup of G. Assume 
that <p £ Irr(A^) is G-invariant. Then the set Irr( G | (p ) of all x S Irr(G) lying 
over <p has either one or at least p members. 

Proof. Observe that if \G : N\ = 1, the claim holds since Irr(G | <f>) = </> has one 
member in that case. So we may assume that \G : N\ > 1 and that the result holds 
for all strictly smaller values of \G : N\. Since G is a p-group, there is some normal 
subgroup M of G such that N < M and \M : N\ — p. Since (j> is M-invariant and 
M/N is cyclic, the set Irr( M \ <f) ) consists of exactly p distinct extensions of </> to 
M . There are two cases to consider: either some ip € Irr( M | <fi) is not G-invariant, 
or every tp £ Irr(M | 4>) is G-invariant. 

Assume that some t/j £ Irr( M \ <f>) is not G-invariant. Then the stabilizer H 
of tp is a subgroup of index p in G, and Irr(M | </>) consists of the p = \G : H\ 
distinct G-conjugates of ijj. In this case induction is a bijection of Irr( H \ ip) onto 
Irr(G | <j)) = Irr(G | V)- Since \H : M\ = \G : N\/p 2 < \G : N\, we know by 
induction that Irr( H \ ip) has either one or at least p elements. So the result holds 
in this case. 

We may assume now that every ip £ Irr( M <f>) is G-invariant. In this case 
Irr( G | <f>) is the disjoint union of p non-empty subsets Irr( G \ ip), for ip £ Irr( M \ 
(j)). Hence it has at last p members, and the result is proved. □ 

Proof of Theorem A. Set Z = Z(G). Assume that 2n(x,ip) < p. By Lemma IXT1 we 
have that \ and i/j vanish outside the center Z of G. Thus x(l)' ! /'(l) — \G '■ Z\ by 
Corollary 2.30 of @|. Let A £ Irr(Z) and \i £ Irr(Z) be the unique characters lying 
below x and ip respectively. Then (A/z) lies below xip and 



Thus xip — (•^/ i ) G - Since 2r](x,ip) < p, by Lemma 14.11 applied to the normal 
subgroup Z and the G-invariant character A/i £ Irr(Z), we have that T)(x,ip) — 



Lemma 5.1. Let P be a finite p-group, where p is a prime number. Let 6 £ Irr(P) 



4. Proof of Theorem A 




1. 



□ 



5. Proof of Theorem B 




9(l)E{p t \i = l,...,m-2} 



m > 1 . Then p < 2m + 1 and 
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Proof. Since G is supersolvable, by Theorem B of pQ we have that 9(1) is the 
product of at most rj(9) — 1 prime numbers, where r\(9) is the number of distinct 
non-principal irreducible constituents of the product 99. In our case n(9) = m— 1. 
So 9(1) is the product of at most m — 2 prime numbers, each of which must be p. 
Hence (£2) holds. 

Observe that Ker(0) = Ker(0). Thus Ker(00) > Ker(0) n Kcr(0) = Kex(0). The 
group P/Ker(0) has a faithful character \ such that the character 9 6 Irr(P) is 
inflated from x- Also ??(XjX) — TO - If P is a- n odd prime, by Theorem A we have 
that E=i < m. Thus p < 2m + 1. □ 

Proof of Theorem B. Let 

iS n = { ]^[(pi) ti | k < 2n + 1, pi is a prime number for all i, and < < n — 2} 

Let pi,p2, ■ ■ ■ ,p r be the set of distinct prime divisors of |G|. For i = 1, . . . , r, let 
Pi be a Sylow p-subgroup of G. Since G is nilpotent, we have that G — nl=i 
Thus the restriction \Pi of X to Pi is a multiple of an irreducible character 9i . Let 
mi = rj(9i,9i). Observe that 

(5.3) mi < n 

since XX = 111=1 Mi and v(x,X) = n - Also 

r 

(5-4) x(i) = n^( 1 )- 

i=l 

If 77i j = 1 then the character 9i is linear. Assume that m, > 1. By Lemma 15.11 
we have that = p 4i , where ti < rrii ~ 2, and pi < 2mi + 1. By (|5.3|) we have 
Pi < 2n + 1. So by (|5.4|) we have 

x(i) e S n . 

□ 



6. Examples 

Proposition 6.1. Let p be an odd prime and m be any positive integer. There 
exist a p-group G and a faithful character \ € Irr(G) such that \X has distinct 
irreducible constituents, x does not vanish on G \ Z(G) and xO-) — P m ■ 

Proof. Let G = {0, 1, 2, . . . ,p — 1} be the additive group of integers modulo p. Let 
E be an extraspecial of exponent p and order p 2rra_1 if m > 1. Otherwise let E be 
a cyclic group of order p. 
Set 

A = E c = the set of all functions from G to E. 

Observe that A is just the direct product of p copies of E. and has order pPC 2 ™^ 1 ). 
Also observe that G acts on G with the regular action, and thus it acts on the 
group A with action 

(f c )(x) = f(c + x) 

for any c,xGC. 

Let G be the semi-direct product of G and A. Observe that |G| = pp( 2m - 1 )+ 1 
and Z(G) is cyclic of order p. Thus |G : Z(G)| ^pjK 2 ™- 1 ). Since p is odd, pPt 2 " 1 " 1 ) 
is not a square. So no x S Irr(G) can vanish on G\ Z(G) (see Corollary 2.30 of jlj). 
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Let A G Irr(-B)* have degree p" 1 ^ 1 . If m > 1, such character exists since E is an 
extra-special group of order p 2m_1 . Observe that AA = A(l)/z for some /z £ lrr(E). 
For each i = 0, 1, . . .p — 1, let /Zj G Irr(A) be a character such that for all a 6 A we 
have 

Mi(a) = n{a{i)). 

For i = 0, 1, . . . ,p — 1, choose A 2 ; G ln(A) so that we have, for all a <E A, 

\i(a) = X(a(i)). 

Observe that the stabilizer of X, is A. Thus Xf e Irr(G). Set x = A G G Irr(G). 

Claim 6.2. Let S = {1, 2, . . . , TTiera 

(%) TTie sei {AoAi | i G 5} U {/io} * s o subset of the irreducible constituents of 
(xx)a- 

(ii) If i,j G S and i ^ j, t/ien AoAi and XoXj are not G-conjugate. 
(Hi) Given k, I = 0, 1, 2, . . . ,p — 1, where k ^ I, there exist j G 5 smc/i i/iai A&A; 
and AoAj are G-conjugate. Also for any k G S, XkXk is G-conjugate to AoAo. 

Proof. We can check that 

p-i 

(6.3) XA = Y,\i- 

i=0 

Thus 

p-i 

{xx)a = XAXA = XiXj. 

i,j=0 

By definition of A, we have that AoA; G Irr(A) for any i — 1, ... ,p — 1. Therefore 
AoAi is an irreducible constituent of (xx)a for any i £ S. Also /io is an irreducible 
constituent of \X since AoAo = Ao(l)/zo. 

Assume that AoA^ and AoAj, where i,j € S and z ^ j, are G-conjugates. Then 
there exists c G G such that c+0 = j modp and c+i = modp. Thus i+j = modp. 
Therefore either i > or j > We conclude that either i ^ S or j g' 5. 

Fix fc, i = 0, 1, . . . ,p — 1, where k ^ I. Let c = — fcmodp and r = I — fcmodp, 
where c, r G {0, 1, 2, . . . ,p — 1}. Observe that r ^ Omodp since k ^ I. Then 
(AfeA;) c = AoA r . If r G 5, we have finished. Otherwise r > Let i = -rmodp, 
where t G {0, 1,2, ... ,p — 1}. Observe that t < ^ and (A A r )* = A A t . 

Clearly (AoAo) c = A C A C for any c G G, and thus the last statement of the claim 
follows. □ 

Observe that the stabilizer of AoA^, where i G S, is A. Thus (AoAi) G G Irr(G). 
By Claim we have that (A A;) G ^ (X Xj) G if i ^ j and i, j G S. Also 

[(AoA,) G ,Xx] - [(AoAiMxxU] ^0, 

where the last inequality follows from l|6.3|) . Similarly, we can check that (a*o) G G 
Irr(G). It follows from Claim El that {(A Ai) G i G 5} U {{po) G } is the set of 
all distinct irreducible constituents of XX- This set has \S\ + 1 = + 1 = 
elements. □ 
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